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PAPERS 


REINFORCED CONCRETE SKEWED RIGID- 
FRAME AND ARCH BRIDGES 


By MAURICE BARRON,! M. ASCE | 


. SYNOPSIS 

This paper presents a method of analysis and design by which the effects 
of skew on a barrel arch or rigid-frame bridge may be evaluated separately. 
The skew problem is thus resolved into a sort of secondary stress analysis in 
which the ordinary stresses for a rectangular structure are used as primary 
stresses. The procedure is extended so that final steel areas of reinforcement 
and unit stresses are determined as functions of the areas and unit stresses for 
the rectangular structure. Equations and transformations are derived for all 
applied loads and for volume changes. Criteria are presented for the effects 
of skew. For single-span or double-span structures with less then critical 
skew, no skew analysis is required. For structures with greater than critical 
skew, an independent adjustment is shown for analysis and design. 

The practical significance of this development can better be appreciated if 
one considers the modern parkway or expressway as a sinuous ribbon of con- 

stant width. If the horizontal clearances are constant, every overpass on the 
parkway has the same square span. The single-span or the double-span 
structures may be so proportioned that they differ (structurally) only in width 
‘or skew, and sometimes in the depth of foundations. Therefore, one basic 
rectangular structure becomes the parent of a family of bridges. 

Another feature of practical and theoretical significance is the fact that, 
‘for the rectangular structure, a designer may use any preferred method of 
analysis and design. If required, the independent secondary analysis for skew 
effects may be readily superimposed. 

The results obtained by this method have been compared with the results 
obtained by the analysis of existing structures designed by current methods 
which involve the numerical solution of several simultaneous equations. The 
agreement is convincing evidence of the accuracy of the proposed methods. 


Norz.—Written comments are invited for publication; the last discussion should be submitted by 
- September 1, 1950. 
1 Farkas & Barron, Cons. Engrs., New York, N. Y. 
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INTRODUCTION 


Modern express highways and channelization of traffic have created prob- 
lems in the economic planning and execution of highway projects. The high 
speed through highway includes a minimum of three lanes in each direction, 
and safety considerations have brought about the center mall separating 
opposing traffic. Thus, the typical cross section will have a reasonable shoulder 
on each side and two multiple-lane roadways separated by a center mall. The 
highway will cross intersecting highways usually at some skew, the right-angle 
intersection being a rare exception. Therefore, the’ structure separating the 
grades will usually be a skewed bridge. Maladjustment of alinement to avoid 
skewed structures is not tolerated in current practice. The double-span rigid- 
frame bridge has become a recognized type of structure admirably suited to the 
imposed conditions, the center mall being used to accommodate the center pier. 

A single-span structure is used where no center mall is provided, at traffic 
interchanges where center piers are undesirable, or where opposing traffic is 
widely divided and two separate structures are indicated. 

In 1924, J. Charles Rathbun, M. ASCE, presented a pioneering paper? on 
the theory of the skewed arch which demonstrated the derivation of the elastic 
equations for the fixed skewed arch ring. Later, at the request of Arthur G. 
Hayden, M. ASCE, Mr. Rathbun extended his theory to include the elastic 
equations for the hinged concrete rigid-frame bridge. 

This extension was revised, adapted to office use, and first published by Mr. 
Hayden in 1931. The numerical work required by this method is so difficult, 
even for single-span structures, that the skewed frame or arch was often 
abandoned in favor of more easily designed types. A worthy step toward a 
practical simplification for single-span skewed structures was incorporated in 
a paper’ by Richard M. Hodges, in 1943. ay 

The current theory is so complex and the amount of computation required 
for double-span skewed structures is so much greater than for single-span 
structures that the former are being used less and less. This is most unfortu- 

_nate because the need for double-span structures is increasing as more parkways 
and freeways are built or projected. 

Notation.—The letter symbols introduced in this paper are defined where 
they first appear, in the text or in the illustrations, and are assembled for 
reference alphabetically in the Appendix. ; 


DERIVATION OF Exvastic Equations; SINGLE SPAN 


The conventional structural analysis of hinged single-span skew arches and ~ 
rigid-frame bridges assumes a rectangular coordinate space system with a 
reaction force applied in the direction of each of the three mutually perpendicu- . 
lar axes, and a reaction moment about each of two of these three axes.. The 
removal of the redundant reaction forces and redundant reaction moments” 
ASCH Were XViE on = re mat Be a Concrete Skew Arch,” by J. Charles Rathbun, Transactions, 

3 “The Rigid-Frame Bridge,” by Arthur G. Hayden, John Wiley & Sons, Inc., New York, N. Y., 1931. 


4“Simplified Analysis of Skewed Reinf y i ; 
Transactions ASCH: Vat op, nu oh Aeriko ng Concrete Frames and Arches,’”’ by Richard M. Hale 
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leaves a statically determinate system. This system is usually called the base 
frame, transformed structure, or residual structure. For each redundant, an 
elastic equation may be written so that, simultaneously, the redundants satisfy 


the elastic requirements for the residual frame, and the remaining reactions 


independently satisfy the laws of statics. 

Any structural system that is statically indeterminate to the nth degree 
will have n redundants and the simultaneous solution of n elastic equations is 
‘required to determine the redundants. If the n redundants are removed and 
the structure is loaded, elastic deformations in the direction opposite to each 
redundant will occur. The redundants must produce equal and opposite 
deformations simultaneously in each of the n directions. When 7 is equal to 4, 
this condition may be written mathematically as follows: . 


62 = 0 =A bea + Boba + C bac + D baa + Aa 
do = 0 = A daa + Bow + C bs. + D dsa + Ar 
6. = 0 =A bea + Bde + C See + D bea + Ac Reiticy ote (1) 
64 =0 =A bso t Boat C dae + Ddaa + Aa 


By transposition, 
A Sea + Boba + C Sac + D baa = — Aa 
A 8ta + Bbw + C bse + D doa = — Ad 
A Sea + Bb + C bec + D bea — A, tee e eee eeee (2) 
A ba. + Biba + C bac + D baa = — Aa 


ll 


In Eqs. 1 and 2: Symbols A, B, C, and D are the four redundants for a single- 


of span, hinged skewed structure as shown in Fig. 1; 52a, Ste, Sea, etc., denote the 
* deformation at the point of application, and in the direction, of the redundant 
- indicated by the first subscript, due to a unit load (or unit moment) acting 
at the point of application, and in the direction, of the redundant indicated by 


the second subscript; and A., Av, A., and Aa denote the deformation of the 


‘residual structure at the point of application, and in the direction, of the 


redundants A, B, C, and D, due to loads, volume changes, or movements of 
the foundations. 
Fig. 1 shows a plan and square section of the residual structure for an 


i elliptical skewed arch. The right support is assumed to be sustained by a 


frictionless ball and socket on frictionless rollers. A rigid (inelastic) bracket 


ig attached to the residual structure above the ball and socket, and the bracket 
~ extends to the elastic center which is the point of application of the redundant 


B. Each redundant is positive in the direction shown. The redundant A is 
applied to the rigid bracket as shown in plan and section of Fig. 1. -The re- 
dundant D is applied about the z-axis. The redundant C is applied about the 
y-axis, and the redundant B is applied to the bracket at the elastic center on 
the y-axis. 

The left support of the residual structure is assumed to be a shaft that per- 
mits frictionless rotation about the z-axis, Section LL, Fig. 1, shows a cut 
section at point P. There are three mutually perpendicular axes, wu, v, and 2, 


_ at the cut section. 


ier 
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The moment stresses at the cut section are shown as M,, M,, and M.,, which 
are the moments about each of the mutually perpendicular axes at point P., 
There is also a normal thrust 7',, a cross shear 7’,, and a radial shear T.. Thea 
moment about the u-axes, Mu, is indicated by a dotted ellipse. Although this 3 


& 


| e—] Rigid Bracket 


x Axis 


=O 


Square Span L 
SECTION L-L 


+2<-|-> <5 


-— -—— = Axis 


sae Soe @=tan-"e 


<< é 
ee 


Shaft 
Center Line of Arch Barros 


Ball and Socket on Rollers 
PLAN 


Fig. 1 


moment is quite large in value, the section over which it acts is the full width1 
of the bridge, and the resulting stresses are very small. Therefore, the moment } 
M., is neglected. As customary, the: 


TABLE 1.—MomeEntTs m FoR radial shear T, is also neglected, , 

Unit REDUNDANTS since it results in negligible stresses. . 

Table 1 shows the unit moments m at ; 

Redundant mz ie any section of the residual structure ! 
Resi...) igs | opessing L0F each unis recundant: 

as ca BE se 4 ay A complete understanding of! 

Die Tis 6 2s 0 + cos ¢ the basic relations shown in Fig. 1. 


will remove the principal source of | 
difficulty in the analysis of skewed | 
structures. If the designer masters these basic relations and can derive the: 
values shown in Table 1, he has mastered the major part of all that has been : 
written on the analysis of this type of skewed structure. 
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The following equations are readily derived from Fig. 1 and from Table 1: 


Uses BIND at COB D vos ds ee lgels bene oe es Se (3a) 
Wes he COB Ge Go era shes Euste Be Aisles Glotle, ses (3b) 
UV te Mgt Asai lins wld cesbta Peale s ace a uanien (4a) 
M,=M.,.+eAzsingdg—Bu-—Csin¢d+Deos¢....... (4b) 
T= Voginh + ALCS Gos sone ieee byes comme ays (5a) 

and 
UME DES. dE eS SN Re ena ee Re oer ca (5b) 


Since the single-span hinged skewed arch or rigid-frame bridge is a structure 
which is indeterminate in the fourth degree, Eqs. 1 and 2 will apply. The 
right-hand term in each Eq. 2 represents the deformation of the residual 
structure in the direction of each redundant because of the loads on the struc- 
ture. These deformations may also be the result of a volume change (tempera- 
ture change, rib shortening from axial stress, plastic yield, etc.), or from yielding 
of the foundations. 

Unit Deflections —Each term on the left side of Eqs. 2 consists of two parts, 
one a redundant and the other a unit deformation. The redundant cannot be 
made zero, but an analysis of each unit deformation will disclose the possibility 
of making it zero. In Eqs. 2, the unit deformations become coefficients for 
the redundants. 

The equation for each unit deformation 6 may be written directly from 

Table 1 using the Maxwell theorem of deflection. This theorem applies to both 
the rectangular elastic system, and to the torsional elastic system. The basic 
formulas are as follows: 

For the rectangular elastic system— 


M.m.ds _ ~M.m.As 
Ar = eae = Qa Bl eg ertey e eee © 8) Sy eee Cee E Ss eiie (6a) 


- for the torsional elastic system— 


M, m, ds e Sas m, As (6b) 


Ar= | iF 


In Eqs. 6, M. and M, are the components of the moment acting on the 
surface cut by a radial plane through point P about the z-axis and the v-axis, 
respectively. Moment M, is positive when it causes the obtuse angle of the 
section on which it is acting to deflect toward the center of curvature, and M, 
is positive when it produces compression in the extrados fibers. Symbols m. 
‘and m, are the moments corresponding to M, and M, when a unit load is 
applied at a point m. The factor F can be computed® by the equation: 


19 205.(7 =p 6?) 
F = 780 be Y SRR ie ee ine ern (7a) 


5 Bulletin No. 3, Faculty of Applied Science and Eng., School of Eng. Research, Univ, of Toronto, 
Toronto, Ont., Canada. 
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which, in turn, may be written 


1 205 1 1 
1 2 (te ea) de oa) w Po ton We hoiie eh 's eer ee hiot kN eo (7b) 


Since b is usually large compared to ¢, the.term 1/(b*t) may be neglecies 
therefore, » 


1 205 3 3.578 
Te ee te 5 ene anh Bee ee ce ee tose 7 
Fi. 0bR Cb ee (70) 
Also ; 3 
T — bE — Gi Set alel era whe e/Ten6, asieye ek s onp enenet ae (7d) 
Eq. 6b may be written 
M,™m, ds en M, m, As 
Ar =f Ty ks Gee = 7 Dy E. bce orl bs hs es (8) 
in which r is an elastic element defined as Ee =i) ae = 0.685. 


Table 2 results from substituting the values for Table 1 into Eqs. 6. It 
shows the formula used for the evaluation of the unit deformations, and also 
the locations of the sections that contribute the major part to the unit deforma- 


TABLE 2.—Unir DEFLECTIONS 


; Major contribution 
Deflection M, m Equation by sections at the: Remarks 


(1) (2) (3) (4) (5) (6) 


(a) Untr DrerormaTION FoR THE RecTANGULAR Exastic Equation (Eq. 6a) 


Raat lb: -y -y 2(v*/I) Crown 
(6) Untr DerorMaTION FoR THE ToRSIONAL Exastic Systems (Eq. 6b) 

baa, T-...-+-- +ezsing | +ezsing | +r 2(2* sin? ¢/I) Knee 

A EO ae —u —u +r 2(u2/I) Knee vee 

a ene — sing — sin ¢ +r X(sin? ¢/I) Knee ete : 

Od8 Disses «h + cos ¢ + cos ¢ +r (cos? ¢/I) Crown Saas 

bab, T+. +--+ +ezsing —u —er2(x usin ¢/1) Knee bab = dda 

Gad, Tess veces +exsing + cos +erZ(zsin ¢ cos ¢/I) | Knee to peach 7 bad = dda 

Obe Tce estes +ezsing — sind — er X(x sin? ¢/I) ie bac = dca = 0 

She, Ts sislgiele sl « —u — sind +r 2(usin ¢/I) eet bbc = 5cb = O 

Lt Onna + cos ¢ — sing — r 2Z(sin ¢ cos ¢/I) Rot bde = dca = O 
Ghd Toe hector —u + cos ¢ — 17 Z(u cos ¢/I) Ane dba = ba =O 


« The equations in Col. 4, multiplied by As/Ec, result from substituting values from Table 1 in Eas. 6. 
BNeGC(Neqx«_—_€o——eeeeeeeeeee eee 


tion. It should be noted that four unit deformations have similar double 
subscripts—6ca, 5%, Sec, 5aa- The unit deformations with similar double sub- — 
scripts are the sum of squares and always positive, and they are of major 


. , 
4 " 
is 
a * 4 
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importance. Deformation 6. is the only unit deformation to which both the 


rectangular and torsional elastic systems contribute a part, as shown in Table 2, 


and subsequently in Kq. 13a. The other unit deformations have dissimilar 
subscripts. § 


_ Two unit deformations with dissimilar subscripts, which differ only in that 
there is an inversion in the subscripts, are equal in accordance with Maxwell’s 
theorem of reciprocal deflections. This statement is expressed mathematically 
a8 Smn = nm and several applications are shown in Table 2. Also, as shown 
in Table 2, eight of the unit deformations may be equated to zero; dac (=\0a)s 
Sse (= 8a), and bic (= dea) are equal toO bysymmetry. The last unit deforma- | 
tion in Table 2, deformation 554 (= 6a), is made equal to 0 by the proper loca- 
tion of the elastic center. This location is established by substituting Eqs. 3b 
into the equation for d:a (last item of Col. 4, Table 2), equating to zero, and 


ee orks thus: ks <0 ee ie ee ee 


EH, F EH, I 
2 
= r pees —hr ae = 0. Therefore, 
_ Z(u»_ cos ¢/T) 
= Sear (9) 


This elastic center always occurs a little above the axis of the structure and 
on the center line of symmetrical structures as shown in Fig. 1. 
The elastic center, as used in this demonstration, is a particular point in 


| space which is the end of a rigid bracket of infinite stiffness. This bracket is 


attached to the structure so that, by an appropriate transformation, the effects 


of stresses, which would normally result at the point of attachment, are exactly 


duplicated by another set of stresses at the elastic center. This second set of 


stresses is much more easily determined than the set at the point of attachment. 


Applying the redundant B at the elastic center, the deformation B da = 0, 
which means that the angular rotation in the direction of the redundant D is 


equal to zero for all values of B. Similarly, D 6 = 0, which means that the 
deformation in the direction of the redundant B is equal to zero for all values 
of the redundant D. 


SotuTion oF Exastic Equations; SINGLE SPAN 


Rewriting Eqs. 2 and dropping the zero terms as shown in Table 2, 


RD COEE Ales ED 0g Sh Rate aro ke ee (10a) 
A 5a + B de Alma Aine erie oa (106) 
C See eS Sor aan atten Merah yh (10c) 
A Set By yet GN fh ore Udon (104) 
From Eq. 100, 
EL TA RNG Cae Oe aN nD (110) 
Ove Ove 


8 SKEWED BRIDGES oe 


From Eq. 10e, 


Gs - Wet oie: siege a hee (11) 
From Kq. 10d, . , 
: sal ee A Ce) es AGG aaa rig (11d) 
D Oaa Oaa As 
Substituting Eqs. 11 into Eq. 10a, 
Oey _ Soa ) bes nig Set A eee 
fe (6. ~ 6 daa ) Sr het Oop Slide baa 
From Tables 1 and 2, 
Bab en? Bga ae bad EN cee (13a) 
and 
Wa AGe Rate Batten tea toisteie fein rere (13b) 
Let 
2 2 
So see Oe Wad Once i ae (14a) 
bu =O aa 
bok SN tt a aro aie ee (146) 
ee 
Oca Ad 14 
ebas = Q3 cilon sds tieidMe lettasieh riety tela) Gust se ans Leena ( Cc) 
1 
5 ah 4 PRM nee ere rete fa (14d) 
aa,R 
On eee (14e) 
bb 
1 > 
ear: Qe and dts ten Oke EX eee (14f) 
and 
Se Q; wir cie dk we ttn te petiog egal eeu re. clei nein tae (149) 
Oaa 


At this point, where various factors enter into the solution, the order of a_ 
quantity should be mentioned and some explanation given for what is meant 
by order. In many of their derivations, mathematicians drop differentials of 
higher order without diminishing the value of the demonstration. Similarly, 
structural engineers neglect terms where their effect on the final answer is small 
and of no practical importance. Thus, in the usual analysis of right arches, 
and rigid frames, the deflections caused by shear, axial stress, and plastic flow 
are usually of a different order from the deflections produced by primary flexure; _ 
and therefore they are ordinarily neglected. If these factors of little impor-_ 
tance have different algebraic signs, they are compensating and the order of 
their total may then change to one of less importance. . 

This analysis consists primarily of combining terms in a particular order so 
that certain terms and combinations of terms tend to cancel each other. The 


» 
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parts that do not cancel are easily determined as secondary effects but they 
are usually of an unimportant nature. Thus, it is shown that the effects of 
skew may be found directly from the stresses determined for the corresponding 
rectangular structure. In effect, the latter part of the torsional stress analysis, 
therefore, is a kind of secondary stress problem. 
It has been found, as for example in Eq. 12, that the combination of terms 
which comprises Q; is of very little importance when compared with the value 
of 5ac,r- In-the usual rigid frame with a skew of 50° the ratio of Q1 to dbaa,R 
is of the order 1:2,000. In Eq. 12itis proper, therefore, to drop out Qi inasmuch 
as it will affect the coefficient of A by only 0.05%. Similarly, for rigid frames, 
Q. has been found to equal almost exactly —e. Even in the full centered arch 
the error in assuming that Q. = — ¢ is of little consequence. Table 3 shows | 


TABLE 3.—RELATIVE VALUES OF DiEsIGN CONSTANTS. FOR 
SINGLE-SPAN BRIDGE STRUCTURES 


ee oom 


SKEW ConsTANTS 
Busture ea a S 
Angle 6 e Q: Qs a > ; 
(1) (2) (3) (4) (5) (6) (7) 


(a) Riaw-Frame BripGEs 


peppetrertet ty ee Se to es We 
1 52 47° 50’ 1.10 =—j.11 1/23,740 1/23,685 
2 75 41° 00’ 0.8693 —0.8735 1/ 1,075 1/ 1,074 
3 56 43° 17’ 20” 0.9420 —0.9521 1/ 1,362 1/ 1,329 


b (b) Exxtprican Anca BripGEs 
epee Sh eA oe 
4 | 56.1 1.000 —1.0424 | 


45° 
36° 34’ 33” 0.742 —0.771 
: ee 


the relative values of these and other constants for three rigid-frame bridges 


~ and two elliptical arches. 
Therefore, without significant error, 


Substituting Eqs. 13, 14, and 15 into Eqs. 11 and 12, 


A = Q,(— Agar — Agr — € Av + Qs Aa) Bee Se ier) Carnet: (16a) 
B= €A — Qe As... cece ee Sees (16d) 
Cer Ophea sn un aaee eee gg ee (16c) 


and 


D= —€Q;A —QrAa PE ron Fee icciar ey tar tat ee Ue, OS (16d) 
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Substituting Eqs. 3 into Eq. 46 the result is the following very useful 
equation: 


M, = My —(B—€A)u—Csing+(D+eAh) cosd —€Aycos¢..(17) 


The structural significance of the foregoing mathematical treatment may 
be better understood by inspection of Fig. 2(a). The redundant A’ is here 
shown as turned through the angle 0, and acts along the longitudinal axis of 
the structure. The redundant A’ is really the resultant of A and e A with a 
slight excess or deficiency. Eq. 16b means that part of force B has been used 
thus to turn A. The foregoing treatment isolates the effect of each redundant 
on the torsional moment M,. This isolation is necessary in order to evaluate 
the contribution of each redundant to the total stress. The writer believes 
that the algebraic solution is easier to understand than a presentation involving 
skewed redundants and skewed residual structures. 


Center Line 


O=tan-"¢ 


(d) SECTION L-L 


Fie. 2 


Vertical Loads.—Fig. 2(b) shows a plan of a skewed structure with a unit’ 
vertical load applied at point A. The stresses at point m are required. Fig. 
2(d) shows a square section L-L of the plan in Fig. 2(6). The distances from 
the center line to points A and m are indicated as a and x, respectively. Fig. 
2(c) indicates the m moment diagram of the residual structure due to a unit 
load at point A, Fig. 2(d). 

For a unit vertical load at point A, ; 


8 
Moy = a (s + z) ecos¢ — (lcosd)e(a+z)........ (18a) 
or 
Moy = ECOB D Magu swear eee eee (188) 
and therefore, by superposition, 
Mos = € 008 & Moa. ss sb). oh thes 2 (19). 


One of the most striking examples illustrating how terms combine or cancel 
out is shown when Eqs. 3, 16, 185, and 19 are substituted into Eq. 17, thus: 
M,=M.,+eAzsind —By — Csing + Deosd =€M,,cosep+eArsing 


wae 
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— Csingdg+ Dcos¢ — (B—€A)u — eA («sin ¢ + y cos $ — hcos ¢); or 
M, =ecos¢M.+[— (B —eA)ut+Csingd + (D+eA h) cos $].. (20) 


For the vault of a rigid frame, in which sin ¢ = 0 and cos ¢ = 1, for applied 
loads the three terms within the bracket are of secondary order and their 
combination is even less significant. Therefore, for the vault— 


M, = — 

Eq. 22a may be evaluated from Eq. 16) as— 
a Miva Opie =u oleae ene oa eebeene eae (22) 
Eq. 21 indicates that influence lines for M, are not required since they will 


be the influence lines for M, to a different scale. For vertical loads, in addition 
to Eqs. 21 and 22, 


Age SOD AG Biickles a3 eas eo ete ee (23a) 
(B — €A) = — Qsdo.... cee reece recess (23b) 
Coe Og Nao te bees sia ee ear ree (23c) 
and 
D+6€eQ,;A = — Q7Aa BIER aides aot aati sep ote oneb omen She (23d) 


_ For symmetrical vertical loads A. = 0; therefore C = 0. 

For rigid-frame bridges A» is almost equal to zero; therefore (B —«€A) is 
almost equal to zero (less than 6% of € A). Eq. 23a is found from Kq. 16a in 
_ which the combination of terms (— Aar — € Av + Qs Aa) is of secondary order 


(2) 


Fie. 3 


for vertical loads and is therefore dropped out. The use of elastic weights and 
torsional elastic weights to determine Ag, r, Aart, As, A. and Ag for vertical 
loads is fully explained in the original paper filed for reference in the Engineering 
Societies Library®? and elsewhere.*® 


6a 29 W. 39th St., New York 18, Neixe 
6‘'The Rigid-Frame Bridge,” by Arthur G. Hayden and Maurice Barron, John Wiley & Sons, Inc., 
New York, N. Y., 1950. 
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Earth Pressure; Both Sides.—Fig. 3 shows a residual structure loaded with: 
earth pressure on both sides. The vertical reactions are zero and the structure } 
is in static equilibrium due to the application of the two equilibrating moments } 
« W L/2, one at the left support and the other at the center line on the rigid 
bracket. The equilibrating moment is divided into two equal parts, as shown, 
in order that the loaded residual structure may be symmetrical about the | 
center axis. The moment M,, may be determined by the shear increment | 
method,* starting at the bottom of aleg. From the values of M., the value of | 
A.risfound. This procedure is part of a standard rectangular analysis which 
is fully illustrated elsewhere.* For the torsional analysis, 


Mog SM, 0-5 5 Sse nate geo epeeaee (24a) 
and 
Ma = (S22) ew (E-x)=+eWe ee es (240) 
Therefore, for the rectangular elastic system, 
aaj. 7] 
Aar = —A,2 Maz TEs (25) 


and, for the torsional elastic system, 


vsintd _ 


Aa? = + e A, Ws = + W Saa,7 Sarr cc (26a) 
Ay = — 6A, W ASSO e ot W baste e cence eet (268) 
| be = — AW BRE ot Whee = Oe eee (26c) 
and 
er ity x sin ¢ cos d : 
4= +A, Waa  W. Soaikctig set (26d): 


In Eqs. 26, F denotes a factor of torsion. 
Substituting Eqs. 25 and 26 into Eqs. 16, 


A= Q|- dee —W (bar — 22 gat) | 


Ove RB baa 


= Q1(— Aare — W Qi) = — Qe Aare. . (270) 


'§ ™ 
B-cA-W=cAt+eW=e(W+A)..: ota (276) 


and 
D= —€Q3A — WQr daa = —€Q;A —€Q3W = — Q3€(W + A).. (27d) 
Substituting Eqs. 24 and 27 into Eq. 4b, 


eWasing +eAzsing —(W+A)u—0-Q3(W + A) cosd = My. . (28) 
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Substituting Eqs. 3 into Eq. 28 and factoring, 


M, =€(W +A) cos¢ (h — y — Qs)... eee eee ee (29a) 


Applying Eq. 5a, and remembering that V = 0 for balanced earth pressure, 
the torsional moment is then 


Me S60 5 i a Qa) ay eae oalMew galas (29b) 


Temperature Change.—Fig. 4 indicates a plan of the residual structure and 
also the deformed position of the residual structure due to a rise in temperature. 
Change in width is not important and 
therefore is not shown. Let c be the co- 
efficient of temperature expansion and t be 
the temperature change in degrees Fahren- 
heit. Then, referring to Fig. 4, A., Aa, Mo, 
and C are each equal to zero, and 


and 
Ay = — €Ct§L 2:03..6% (306) 


Substituting the foregoing values into Eqs. 
16, 

A=Qi(+ctL+ectL) 

; = Q,(1 + &) ct L..(3la) 


B=ceAt+eQsctlL....... eee eee ee eees (31) 
| PRE Renee ar Uer Shee ride (81c) 
‘and 

Dae Os Aire iia wicta terse a: niger ayete (31d) 


“Substituting Eqs. 31 into Eq. 18a, 
M, = —eQsctLu+eA(h —y — Qs) cosg.......-. (32a) 


Applying Eq. 32a to arches and rigid frames it has been found that, at points 
where the torsional moment M, has any practical significance, the major con- 
tribution is from the term — «Q;ctLu and that the second term may be 
neglected. Therefore, 


My = — €Qs CE Lu... ccc esses ceerccese (32b) 


SumMARY OF Equations; SINGLE SPAN 


Inspection of Eqs. 21, 296, and 32b shows that the tangent, é, of the skew 
angle appears as a parameter (Table 4). Also these equations indicate that 
no torsional elastic analysis is required because, for any point, a rectangular 
‘stress, multiplied by a constant, yields the required torsional stress. For 
temperature change, a constant, — «(Q;ctL), multiplied by u gives the re- 
“quired torsional moment. Furthermore, Eqs. 27b and 316 show that the tor- 


eS 


14 


sional cross shear 7’, (= B) is susceptible to the same treatment. 
tions necessary for a practical analysis of skewed structures are shown in 


Table 4. 


SKEWED BRIDGES 


The equa- 


TABLE 4.—EQuaATIONS FOR THE ANALYSIS OF SINGLE-SPAN 
SKEWED STRUCTURES 


eee oD nn ee 


VerticaL Loaps 


Stress 
Equation No. Equation No Equation No. 
Mae Sea, Mo: —AyYy 4a |FQ(l+e&)ctLy 31a Mo: —Ay 4a 
A ee ee Vsin¢ + Acos¢ 5a + Qi (1 +2) ct Leoos@ 5a (W + A) cos¢ 5a 
Mo/é.. 000% Mz cos ¢ 21 FQsctLu 32b To(h -—y — Qs) 296 
Y EERE ae A 23b | +A+4QsctL 31b W+aA 276 


Comparisons of exact values and proposed approximations for Q2 and Qs 
are shown in Table 3. Critical examination of the terms entering the exact 
evaluation justify the general conclusion that neglected terms are of a minor 


nature. 


TEMPERATURE CHANGE 


BALANCED EARTH PRESSURE 


ANALYSIS OF FOUNDATION CONDITIONS 


Foundation conditions are of particular importance for skewed rigid-frame 
In addition to R, and R, the foundation design (see Fig. 5) 
must take into account the effects of R., Mz (= R,e’), and M, (= R-,e), in 
order to insure the structural action on which the analysis and design is predi- 


bridges and arches. 


cated. The foundation restraints that are significant are shown in Table 5. 


TABLE 5.—Sieniricant FouNDATION RESTRAINTS 


! 


Foundation restraints _ Dead load Balanced earth pressure | Temperature change? 
REG Te See ee, =H DH (1 +é) 2H 
Moya heen Ethe Vertical reaction* Vertical reaction* Vertical reaction¢ 
{ 
fat he ate «Rz «(Rz — ZW) il ¢ Ry + ST Be 
(1 +n)sLZ- 
\ yf 
Me Fei Me Nea ats — Reyc — Rzyc ' — Rive 
{ 
Maihsucc nt Negligible Negligible PAA | 85 et Be 
i 
(1 +4) 8 =r 
M p30 nies 0 0 0 


* M; assumed zero for a hinged structure. 
reaction for the transformed structure plus 


> See text for limits of 21/I. 
the vertical effect of the redundants. 


¢ Symbol Ry denotes the vertical 


The equations are for a unit foot of width which must be multiplied by b in. 


order to obtain the total foundation restraints. 


Table 5 also shows the founda- 
tion restraints that can usually be neglected. (The quantity +3 denotes the 
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summation for points in both end legs, and excludes values for the vault and 
for the center leg of the double-span frames.) 


Values for live load may be determined by positioning the load for maximum 
_M, at the crown. 


pA 


i 


Rh 


ELEVATION 


PLAN 


Y Axis 
SECTION y 


SECTION fRy 


LEFT HAND SKEW RIGHT HAND SKEW 


Fig. 5.—ANALysIs OF FouNDATION ConDITIONS 


(a) Left-Hand Skew 
(b) Right-Hand Skew 
(c) Isometric Sketch 


If the foundation material does not provide full restraint as assumed, it is 
possible to substitute the partial restraint, as a function of k (the soil modulus), 
into the equations. This will result in partial fixity about the z-axis and the 
y-axis but requires the assumption that & is a known and uniform value. 
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Design oF LONGITUDINAL REINFORCEMENT 


A simple process for the design of the longitudinal reinforcement is the result 
of an approach to the problem based on the following propositions: 


1. The square-span moments (M,) and thrusts (7,) (that is, as computed — 
on the span perpendicular to the abutments) are independent of the skew angle » 


for all applied loads. 


2. The square-span stresses for temperature change vary as the square of © 


the secant of the skew angle. 

3. Using required square-span areas of steel reinforcement, a simple ‘“‘turn- 
ing” process will give the required steel areas for the skew span—that is, for 
bars running parallel to the skew center line. 


4. With a “turned” longitudinal steel pattern, only nominal transverse — 


reinforcement, parallel to the abutments, will be required, except for bridges 
of very large skew or a very long span. For single-span structures, this limit 
will be about 50°. This transverse reinforcement will be amply provided for 
by 1-in.-round rods, 18 in. on centers, as usually shown in details for unskewed 
structures. 


The foregoing propositions for single-span and multiple-span structures have 
been proved mathematically and verified by comparing the results of the exact 
and the simplified method of analysis as applied to a series of hypothetical 
rigid-frame bridges all having the same square span but different skews, to a 


Be eet 
ae » xis 


Center Line 
of Span 


PROFILE 


% 
Xe 


Case 1. Angle a < Angle @ 


Case 2. Angl 
for Temperature Fall patileahees a 


for Temperature Rise 


Fig. 6.—TRANsFORMATIONS 


maximum of 60°. In addition, the propositions have been verified by com- 
paring the results of the simplified method with the results of exact analysis for 


= 


a number of actual bridges. These proofs are not included in this paper but are ~ 


filed for reference in the Engineering Societies Library. 
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Transformations.—Fig. 6 proposes two cases to demonstrate the ‘turning 
process” mentioned in proposition 3. In both cases, the following equa- 
tions apply: 

pie) SU BOG Vg Rat pon wy v ebclatary Rata a wianaes (33a) 


The angle V is the projection of the skew angle 0 onto the plane tangent to the 
neutral axis at the point under consideration: 


Tp TE RSCGH Vn tase h ataigas Rad dias eee eokaacee (83d) 
Mig iM Stan Vo Mei teioon cies aatnos (34a) 
and 
Tipit PATA Vink go:cesle sats lore cee) oh Pe ates (34d) 
In general— 
tan V i= Ee COS Detar chores ete yeshs ope tar eal yee (35) 


The reinforcement is found for bending and direct stress by using the equations 
instead of numerical values. Standard nomenclature used in concrete design 


Miz =e’ Ti =e' T, sec V = MegsecV:.........-. (37a) 


- 2-7 —t) sco ¥ = Asesee V.....(878) 
In Eq. 37b, Azz is the steel area (Fig. 8) before turning and the spacing of the 
bars must be measured parallel to the abutment. This is logical because Asr 

must be increased to be equally effective in resisting M.r when the bar is 

turned from its most effective direction. If the spacing perpendicular to the 
bars (that is, perpendicular to the face) is more desirable, either this spacing 

must be multiplied by cos 90, or the steel area must be multiplied by sec 0. 
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Therefore, for a pattern in which the main steel is parallel to the face of the 
bridge and in which the spacing is measured perpendicular to the bars, 


Air = Ade BOC Vi80C Os io dew ok op ents oe eee (38) 


In the usual rigid frames sec V = sec 6 for vault sections and sec V = 1 for 
legs. Therefore, for vault sections— 

At = Ayn see? 0.:= Aye] 4 @ in 0s oe en ee (39a) 
for legs with spacing still measured perpendicular to the face— 


Ast = Asr BOC Osis 5 hihi oe Aeon ies (39d) 


and, for legs with spacing measured along the abutment— 


Explanation of the ‘‘Turning Process’ for Reinforcement.—The area of re- 
inforcing bars in the vault of the frame, as calculated for the square span, is 
Acer in Fig. 8. The area of the “turned” steel bars A,r must be Agr sec V in 
order to be equally effective in the square-span direction after turning. If 
the arching of the vault (top of the frame) is small, V may be assumed, for 
all practical purposes, equal to @ for points in the vault. 


Face of bridge 


% % e dp= dgcos 9 
a ON “ee (Aes 
Agr = Asp aN 
YEN 
> % RS 
Abutment % Vault AEE 
Apts 
X aS a 
sec V = tan cos \ , 
\ 
90° 
Note: Bars in abutment are not turned \ 


Fia. 8 


As shown in Fig. 8, the plan spacing of the “turned” bars dr, measured 
perpendicularly to the bars themselves, will be the spacing of the unturned bars 
multiplied by cos@. The net result of the two multiplications is that the 
required steel area in the top of the frame of the skewed bridge is the required 
area calculated for the square span multiplied by sec V sec 6. At the crown, 
sec V sec @ will be equal to sec? @, which for all practical purposes may also be 
applied to the vault of rigid-frame bridges. 
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Turning the steel pattern parallel to the skew center line reduces its effec- 
tiveness in the square-span direction but increases its effectiveness in the trans- 


_ yerse direction (parallel to the abutments), as seen from Fig. 8. The resolution 
_ of the stress in any bar into two components is indicated, one component being 


effective in resisting bending moment about the zaxis and the other being 
effective in resisting the cross shear 7, and the torsional moment My. This 
is analogous to the wedge-shaped beam in which one component of the stress 
in the bars resists bending and the other component resists shear.’ 

The effectiveness of the “turned” reinforcement in the transverse direction, 
combined with the effectiveness of the concrete in shear and torsion, and the 
effectiveness of the nominal transverse reinforcement, are sufficient to take 


* care of all torsional effects resulting from skew, to a maximum skew angle of 


about 50° for the single-span structure. 

The increase in steel areas contingent on the “turning” process does not 
apply to points in the vertical legs. For these points, the steel areas as calcu- 
lated for the square span (Eq. 39c) are correct for the skew structure, with the 
spacing of bars as discussed. 


EXTENSION TO DovuBLE-SPAN BRIDGES 


A practical analysis results if propositions 1, 2, 3, and 4, which were de- 
veloped for single-span structures, are applied to double-span skewed struc- 
tures. To justify this application consider Fig. 9 which shows a double-span 


skewed rigid frame. This structure may be replaced by a single-span structure 
with a center post considered as a flexible bracket. A system of loads is 
applied to the end of this bracket and these loads are of such value that they 
exactly replace the reactions of the original structure. This transformation 
makes logical the application of the principles of single-span analysis to double- 


7 “Concrete Engineers’ Handbook,” by George A. Hool and Nathan C. Johnson, McGraw-Hill Book 


Co., Inc., New York, N. Y., 1919, p. 314. 


’ 
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span skewed structures. The validity of this logical application has been 


ape 


checked by analyzing, independently, the rectangular elastic system for the 


rectangular redundants for a unit vertical influence load and by comparing the 
answers with those of the precise analysis. The precise analysis consisted of 
the solution of two sets of simultaneous equations. Each set contained six 


elastic equations, and the analysis is similar to the method proposed by Mr. 


Rathbun? in 1931, modified to apply to hinged foundations. 
A simpler analysis of the double-span structure is indicated in the following 


demonstration. Fig. 9 shows the most advantageous residual structure because — 


it is symmetrical. 


TABLE 6—Moment at Aa GivEeN Section Dur to Eacu 
Unit REDUNDANT 


A=+41 B=+1 C=+1 D=+1) F=+41| F=+1|) G=+1|7 =+4+1) J=+1 
Sec- een) pa 
GROEN america PRGA ca dct Gl TBA Fs aaa? ew eee cea va enter Ancie Om pina 
Mz My Mz Mo Mz mv Me Me Mme me me Me 
1-2] 0 0 —y|—exsing =) £42) 0 0 + cos ¢ 0 + sin ¢ 0 —u 
; 1/L € ‘ F 
2-3] 0O 0 —y|—exsing a 312) — 5 rcosd 0 + cos ¢ 0 + sin ¢ 0 —u 
. 1/L € A 
3-4} 0 0 —y|—exsing 75 3+) — 5 rcos¢ 0 + cos ¢ 0 + sin ¢ 0 —u 
4-8 |+y|—exsin ¢| -—y|— ezsing 0 0 + cos ¢]/-+ cos ¢]— sin ¢|-+ sing] —wu —u 
4-5|—y|—ezsin¢g| 0 0 - 242) — 52008 + cos ¢ 0 — sin ¢ 0 —u 0 
4 1/L € F 
§-6|}—y|—ezsin¢g| 0 0 -3(3+4) — _rcose + cos ¢ 0 —sin¢ 0 —u 0 
5 1/L ; 
6-7 |—y|—exsin¢g}) 0 0 aa st) 0 + cos ¢ 0 — sin ¢ 0 —u 0 


Table 6, similar to Table 1, shows the moments at each section of the struc- 
ture due to each unit redundant; and a tabulation similar to Table 2 may be 
easily developed from it, showing the unit deformations for each unit redundant. 
The location of the sections is shown in Fig. 9. For the general case, there are 
nine redundants and nine simultaneous equations, which are as follows: 


ba = 0 = A bua + B bap + C bac + D daa + E Sac + F Say 
+ G bag + H ban + J 5a; + Ac. . (40a) 


d = 0 = A dea + Bde + C dsc + D dsa + E Sve + F bay 
+ G bg + H btn + J by; + As. . (400) 


6. = 0 = A bea + Bbae + C bcc + D bea + E bce + F Ses 
+ G beg + Hb, + J 53 + Ac. . (400) > 
6a = 0 = A bia + Bday + C Sue + D daa + E bac + F 5a; 


+ G bay + H ba, + J ba; + Aa. . (40d) 


An Anal f Multi: Arc + ¢ ” 5 
ASCE, Vol. 98, 1933, p. 1 peerer, hes on Elastic Piers,” by J. Charles Rathbun, Transactions, 


. 
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(6.=0=Absat Bba + C Sec + D bea + EB See + F bez 
+ G8eq + H dn + J b4; + Ae. (402) 


6,=0=Aby + Bin + C by + D Sse + EH bye + F bysy 
+ G57, + H by, + J 5;; + Ay... (40f) 


6, =0 =A bya + Bde + C dye + D Soa + E bye + F Sot 
+ G8, + H by, + J 55; + Ag. . (409) 


0 Po B oy OC he Di PH by + Foy 
BS @idig tH Oak, boo Ons Ane (40R) 


6 =0=Ab~pt Bont C bj + D dja + H Sj + F Sis 
+ @6;, + Hoy + J 5; + Aj. . (407) 


For symmetrical structures, the dead load, the balanced earth pressure load, 
and the temperature change effects are symmetrical. Only the applied live 
load can be unsymmetrical. It is obvious from Fig. 9 that for a symmetrical, 
double-span structure subjected to symmetrical loads the redundants are equal 
in pairs, as follows: 


a EHP AEP Ta iy Sry Aa PPM Mea eae os A (41a) 

1D YIESEN DEVS i ales Setters Faeikce eat, Sirens Shh cre (41b) 

1 Cia WE Sasa Wee Oe DL aULR aud ci cicy (41c) 
and 

18 PRS ale PR ee mn tee wecieicec tac Cy coc (41d) 


Fig. 10 shows the residual structure with the applied symmetrical redundants. 

Eqs. 41 indicate, from symmetry, that the center post is subjected only to 
- the vertical rectangular reaction C and that no torsional stresses exist for the 
center post sections. Thus, for symmetry, the nine elastic equations (Eqs. 40) 
are reduced to five elastic equations (Eqs. 43) written for five redundants, two 
being rectangular and three torsional. 


If Eq. 40a is added to Eq. 40b, Eq. 40d to Eq. 40¢, Eq. 40f to Eq. 40g, and 
Eq. 40A to Eq. 40), five elastic equations may be written for symmetrical 
structures symmetrically loaded. If the conjugate redundants from Kgs. 41 
are substituted into the five equations, and the conjugate deformations of 


- 
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Table 7 are also substituted, 


Q2At+Q3C+QuD+Q5F + Qe = —Aa......-. (42a) 

Q3A4+Q7C+Q8D4+Q0F + Q0H = —A......-. (426) 

QuA+Q8C+Q1D+Q2F + Qs H = —Aa......-- (42c) 

QisA + QisC + Q22D + Qu F + Qos H = — Ay........ (42d) 
and 

Qis A + Qo C + Q22D + Qa F + Qe H = — A, hie. oats (42e) 


In Eqs. 42 the conjugate deformations are written from the same formula 
and the sum of any two conjugate deformations may be found by including the 


new sections—that is, summing up within the new limits. Application of the 


logical propositions (substantiated by comparisons and tests) permits the sepa- 
rate determination of the rectangular and torsional redundants. This separa- 
tion results in a practical solution whereas the simultaneous solution of the 
five equations results in a precise solution. The logical conclusion is that the 
same precision exists for the double span as exists for the single span. 

If the redundant A and the redundant C are found independently from the 
rectangular elastic analysis, Eqs. 42 may be written as follows: 


Qa D+ Qo F + Qo3H = — Aa — Qua A — QisC ak et are) kee ho (43a) 

4 Q22 D+ Qu F + Qo H = — Ay —QisA — QuC........ (43d) 
an 

Qe D + Qa F + Q2H = — Ar — QisA — QC a ap Ae? (48c) 


Thus only three simultaneous equations are required to be solved for an exact 
analysis of the double-span symmetrical skewed structure with symmetrical 
loading. Of course, this analysis is not required unless the critical skew has 
been exceeded. It is estimated that more than 60% of all double-span, skewed 
frames and arches have less than critical skew. 

Live load may be applied as an unsymmetrical load, but by a transformation 
it is possible to convert the unsymmetrical applied load into two elements which 
are symmetrical. Consider Fig. 11 which shows an unsymmetrical load P 
applied at point m. Fig. 11(a) shows a pair of loads P/2, applied symmetri- 
cally. Fig. 11(b) shows another pair of loads, P/2 and —P/2 applied as shown. 


Combining the loadings in Figs. 11(a) and 11(b), the result is exactly the un- 


symmetrically applied load P of Fig. 11(c). 

This transformation is particularly useful when the analysis is one of 
the moment distribution methods. Such methods usually distribute 100 
units or 1,000 units of moment applied at the center joint, and this distribu- 


tion will quickly yield the required values for the moment, P z, applied to the | 


center joint. 


Fr Numerous approximations have been uncovered by isolating and analyzing 
individual elements. Among the more useful approximations are the follow- 
ing, which eliminate considerable computations. 


It has been observed that the element (h — y — Qs) in Eq. 29) may be 


approximated as (y. — y), in which y. is the y-value for the crown. This 


, 
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TABLE 7.—ScHEDULE OF CoNJUGATE DEFORMATIONS 


oS 


Corrri- | FormuLA ELEMENT . Center Lea VALUES 
: FOR 
Eq CIENT Nos.: ELEMENTS: 
: ae Formula 
For:| No.| 1 2 3 | 4 : Formula | 1 | 2 | 3 | 4 | >>| 
ee ea beeen eee oe nee ee ee ee 
(a) Sections 1-2-3-4-5-6-7, Fig. 9(a), ContripuTine To ToTAL VALUE 
| | | | as tesa 
=0aa a a Ly . +2 i Sie 
ab| A | Qi2=da0-tom +00 +00 |{ $2 Sd 2 sin’ 6 ze@e4 | 4} 4] =| 2 0 
L 
a,b } Qis | 5 5b fap eae 3.)) ig ees : 
c,c ac c 2 L 
+52 [ex (5 +2) singcoss | 0 0;|0 0 
ae K Qia | dad | dda | dae | dde — «2 (Garsin ¢ cos ¢) 0 olo|olo|o 
,bo| F . 
7 * ay Qis | Sar | dbs | Sag | dbg +e€2 (Gz sin? $) +e5(Gza)| +| —| +} —| 9 
oe HI Qe | dan | Soh | Sa | 507 | € 2 (Gucsin $) tex +| —| +} —| 0 
1 L 2 
z2=L%(gt7) J 0 |0 cs 
¢,e | C | Qir | bce é IB 2 
+$2LG(Zt2) costo | 0 0 0 
L 
ae Di Qis | bea | See -£2[e@(Z t=) cove | 0 0; 0 0 
, F L 2 
95 | 8 [a] » |» 2§2[e(Z+2)sinsene] 0 fofo| | |o 
,¢ | H uf 
| 5 BY Qo | Sch | Sei +22 Gu(Zte) cose | 0 0|0 0 
| 
_ d,e| D Qoi | Sad | dee | ded |* dae = (G cos? $) 0 0;0);0/0| 0 
ae #} Qe | dar | der | Sap | deg | + = (Gsin ¢ cos $) 0 0};0;0)0)0 
86) BY) Qual aan | de | da; | des | — 2 (Gu c08 9) 0 OS 0 WOe a bee 


(b) Secrions 1-2-3-4-8 AND 8-4-5-6-7, Fic. 9(a), CONTRIBUTING TO ToTat VALUE 


fig | F | Qe} dss | S00 | Sar bfg | = (Gsin? ¢) SG +] +) +) +) + 
pe at Qas | dsm | bon | 6si | Soi | = (G usin ¢) 2 (Gu) +] +1 +) +) + 
h,j | H | Q26 | dna | 537 bin | daz | 2D (Gu?) = (G u?) +) +) +) +) + 


Se 


eliminates the computation forhandQ;. By inspection of Eq. 14e and Table 2, 
it is observed that the legs of a rigid frame contribute almost the entire value 
of Q; and therefore, with little error, 


Pol  358h~—!1 
Qs =T pn ae LT Fuel Mek cne cite, sul eke t opecasens (44) 


(The constant multiplier is not shown in Eq. 44. The summation is for the 
legs only.) 
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é 
wnat tenga 


This method of analysis may be extended to skewed structures of more than , 
two spans. The method has given satisfactory results for a triple-span, 
skewed, rigid-frame parkway bridge. 


Ry 
Symmetrical Asymmetrical , urate 
Pi 
2 {3 4 5 
x 
Fig. 11 


The free body diagram shown in Fig. 12 is the same for either single-span or 
multiple-span structures, and therefore any equation written for this free body 
is valid for all structures. As a result the stress equations and the design 


Fie. 12 


procedure for the single-span skewed structure may be applied to multiple-span — 
skewed structures. 


Test For Limit or Skew ANGLE WITH NoMINAL TRANSVERSE 
REINFORCEMENT 


It has been stated that, if the longitudinal reinforcement is designed parallel 
to the face of the bridge, only nominal reinforcement in the transverse direction 


\ 
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(parallel to the abutments) will be required. This statement will now be 
examined, and its limits will be determined by analyzing each term that enters 
into the design of the transverse reinforcement. The critical section is- at 
the crown. : 

The design moments, M7, and cross shears, T’r, are found from the trans- 
formations. For all the applied loads, Mr and T’r, for the crown section, are 
negligible. The stresses due to temperature change (see Table 8) are the only 


TABLE 8.—SrrREsses FoR DrsiGN OF TRANSVERSE REINFORCEMENT 
AT THE CROWN SECTION 


ooo ooooeaeeeoeqeoeqoooooqoqoq~q$q~q~q~q~q~q~q~q~q~q~q~oq®>aS—w—wm=—' 


Loading Design moments, Mr Cross shears,* T'7 
PAC HOBO hie i aieiclanels chevas fe slsva eff satis siis|,arareiele» 8 € Mz — M, eT. — T: 
Rave load plus impact..." 1... 6s eine ee cee ees e Mz — Mo eT, —Tz 
Temperature change...........--:--eeeeeeeee e Rz ye etc ewe 


©@ fu) sL2zi/i 


a ee SE 


« See text for limits of 21/T. 
ee 
significant stresses. The values from Table 5 are used to determine the crown 
stresses Mr and Tz. 
The next step is to find the unit stresses for the crown section due to Mr 
and Tr. The unit shearing stress v; due to the torsion moment Mr may be 
found from the relation (see Fig. 13): 


uw =k, 


“in which the constant & has been determined variously as shown in Fig. 13. For 
values of b/t greater than 6, the Saint Venant expression for & is more accurate 


TABLE 9.—DssicN oF TRANSVERSE REINFORCEMENT (sEE Fic. 14) 


ee 006—0—0—0—0—0—0—0—0— 


Direct Grometric Data (ee aa 


ToRsION Sumer 


acne) ve (digs) ve jue toe v a: | az | as |ast+2a1 any An | Ae 


(1) (2) | (3) | 4) | @6)}| © | | @&) | © | Go} G1) (12) | (13) | (14) 


a cr eS ee et le oe se | 


1 | 27 11.0 45 111.9 | 55 | 100 |....)...- Bask Fans Aoi ects 

2 | 32 11.0 32 |11.9 | 47 79 bAe cue My he! Nao. 

3 | 37 11.0 24)11.9 | 40 Ge ag a Re Ais d eet) Brod nae apes Seas eos 

4 | 36.5] 59.2 | 134] 0.54] 2 | 136 24 | 18.5 | 3.3 | 15.2 2 15.5 |0.02 | 0.0: 

5 | 27 62.0 | 255 | 0.54| 2 | 257 | 145] 13.6) 7.7 | 5.9 33.1 10.6 | 0.31 | 0.30 

6 | 20 64.0 | 480] 0.54| 3 | 483 | 371 | 10.0] 7.7 | 2.3 22.3 7.0 |0.81 | 0.76 

2) 15 9.0 | 120] 1.63] 14 | 134 22) 8411.4] 7.0] 23.8 4,0 | 0.016 | 0.008 

11 | 24 64.2 | 338] 0. 3 | 341 | 229] 12.1] 8.1 | 4.0] 28.2 9.1 | 0.51 .50 
12 | 34 63.0 | 163] 0.54} 2] 165 53. | 17.2 | 5.5 |11.7| 46.1 14.2 | 0.08 | 0.08 
13 | 48 | 60.8 79 | 0.54) 1 SOP ee ieee weet e || rove retell rig" Sette oun 


« Center-line point for single span. Other points for double-span bridge. 
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than the Merriman value of 4.5. The latter is applicable only for values of b/t 
Jess than 2. - In general, for barrel arches and rigid-frame bridges, the ratio of b/t 
is always greater than 16, and k =3, in Hq. 45, is sufficiently accurate. The cross 
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shear Tr produces unit shearing stresses (vs) which are distributed parabolically 
with a maximum of 1.5 times the average stress. The formulas and numerical 
values for several typical design sections are shown in Table 9. The allowable 
unit stress, v,, in the concrete (see Fig. 14) is taken as 112 Ib per sq in. which is 


TORSION FORMULA 


RRIMAN'S k=4.5 MERRIMAN “ve 45m 


> | 


aa woods yet 

fa = 

NI SAINT-VENANT Vs = pe rasih) 
Ne ( 

LN 


VALUES OF k IN FORMULAE: 
- f 


° 4 8 12 16 20 26 28 32 
VALUES OF RATIO 


COMPARISON OF TORSION FORMULAE 


Fig. 13.—Comparison oF k-VaLuEs In Torsion FoRMULAS 


the normal unit stress of 90 lb per sq in. increased by 25% (90 X 1.25) because 

temperature stress is included. The area Aq is found by equating the moment 
of the shear wedge abc, Fig. 14, about the neutral axis, to the moment of 
Asaf. The area As2is found by equating the shear wedge to As2f,. Referring 
to Fig. 14, the respective columns in Table 9 are computed by the following 
formulas: In Col. 3— 


Ue 2e 6) is! si eee guest) © hefelie! s@telalte) ofa siel pirate (46a) 
In Col. 5— 
157 
Oe = =T5 ri vi ol Soy a Si (46b) 
In Col. 7— 
y= Dy + Wy es DAK er eee (46c) 
In Col. 8— 
Ve + U5 
; a= yer LAR RECOM P Ce monGa te Ce he (47a) 
_ In Col. 9— 
V+, — % 
a = — a eee (47b) 
In Col. 10— 
Gg G1 = Oy. Se ee ee (47c) 
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In Col. 13— 


2 2 
Aa = SETA sein Ree en (48a) 
and, in Col. 14— ; 
: 6 ; 
Aa'= Me hyde ac ee ga Tek aie y RR (48b) 


In Eqs. 48, fe = 18,000 X 1.25 = 22,500 Ib per sq in. The transverse steel 
area used is the larger of the two areas, and it is used in both faces.’ 
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Fig. 14.—TRANSVERSE REINFORCEMENT IN A DouBLE-Span STRUCTURE 


Codes and specifications for bridges do not impose a limit for the maximum 
unit shear due to torsion, but the Bureau of Yards and Docks, United States 
Department of the Navy, has a commendable standard? which treats the subject 
of combined shears due to torsion and direct shear for beams in flat slab design. 

For flat slabs, beams at walls and openings, torsion shear plus direct shear, web 
‘reinforcement, and longitudinal bars specially anchored, the maximum allow- 
‘able unit shearing stress for 3,000-lb concrete is 450 lb per sq in. With a 25% 
increase for the inclusion of temperature stresses, the maximum allowable unit 
‘shearing stress would be 450 X 1.25 = 562 lb per sqin. This maximum unit 
shearing stress is recommended for rectangular sections in the range of these 
bridges. 

By substituting the maximum allowable shearing stress into the equations, 
the maximum skew for the bridge may be found. Other considerations lead 
to the tentative conclusion that the limit of skew as determined by the maxi- 
mum unit shearing stress is close to the limit determined by nominal transverse 
reinforcement (0.50 sq in. per ft). A more complete demonstration and several 
numerical examples® have been filed for reference in the Engineering Societies 

Library.” 
i CoNCLUSIONS 


It has been demonstrated that for all practical design purposes: 


1. With few exceptions, the rectangular elastic system is independent of 


the torsional elastic system; 
2. The rectangular redundants and the rectangular stresses for all applied 
loads are independent of the torsional elastic system, and independent of the 
skew angle; 
3. Torsional redundants and torsional stresses for applied loads are a linear 


function of the tangent of the skew angle; 
” No. $Yb, Bureau of Yards and Docks, U. 8. Navy Dept., 


A °“Standards of Design for Concrete, 
‘Washington, D. C., 1929, Section 8-13d. 
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4, Conclusions 1, 2, and 8 are true for all the usual shapes of skewed, single- 
span arches or double-span arches and rigid-frame bridges, and also true for all 
applied loads regardless of the direction or the point of application of the 
load; and 

5. The rectangular redundants due to temperature change vary as the 
sec? 6—that is, as (1 + e’); 


In addition to conclusions 1 to 5 the following important conclusions may 
be written for the practical application of the method: 


6. The torsional stresses may be written directly from the rectangular 
stresses by multiplying an appropriate rectangular stress by an appropriate 
geometric or elastic constant, thereby completely eliminating the torsional 
elastic analysis; 

7. The torsional stresses may be written with e as a parameter and thereby 
represent the torsional stresses for a family of skewed structures; 

8. All rectangular and torsional stresses, other than those due to volume 
change or foundation yield, are independent of Poisson’s ratio (that is, 
E,./E, = X, since A = 2(1 4+ p)); 

9. All torsional stresses, other than those due to volume change or founda- 
tion settlement, are independent of the formula used to compute the value of 
F (or r), providing that F is a linear function of b, the width of the structure, 
and further providing that F is independent of the ratio of b/t within the 
applied range; 

10. Any method that will determine the rectangular stresses satisfactorily 
may be used as the basis for determining the torsional stresses (such other 
methods include moment distribution and slope deflection) ; 

11. Inasmuch as A, is a parameter in the demonstration, the analysis is 
valid for all span lengths; 

12. For practical office procedure no torsional analysis is required, and the 
longitudinal steel may be determined from the rectangular design using the 
“turning process”; and 

13. For extreme skews, long spans, or multiple spans the shearing stresses due 
to torsion become important and the test for limitations should be applied. 
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APPENDIX. NOTATION 


The following letter symbols, adopted for use in this paper and for the 
guidance of discussers, conform essentially with American Standard Letter | 
Symbols for Structural Analysis (ASA—Z10.8—1949) prepared by a Sectional | 


s 
f 
f 
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Committee of the American Standards Association, with ASCE participation, 
and approved by the Association in 1949. In general, point P designates any 
spot on the neutral surface of an arch ring which is halfway between the 


spandrel 


walls. The neutral surface is assumed to be midway between the 


extrados and the intrados. 

A subscript R identifies the main symbol with the rectangular elastic system 
and T, similarly, with the torsional elastic system or in transverse direction, 
as demonstrated in the text. 


ae 


As 


rs 
I 


~Z QQ we 
lt 


~ 
H] 


area; cross-sectional area as further defined by subscripts, s, denoting 
“steel reinforcement” and, c, denoting “‘concrete’’; 

one of four redundants (A, B, C, and D) introduced in the design of a 
single-span structure as shown in Fig. 1 and one of nine redundants 
(AB, CDSE, iF, Gand J) introduced in the design of a 
double-span skewed structure as shown in Fig. 8; A’ = a resultant 
of redundant A and eA in Fig. 2(a); and subscripts L and R 
denote “‘left’’ and “‘right,’”’ respectively; 

an x-distance measured from the center line of a beam to the point of 
application of a unit load (see Fig. 2(d)); 

design constants in Table 9, distinguished by numerical subscripts 
and defined by Eqs. 47 (see also Figs. 7 and 14); 


= a redundant design factor (see under A); 


width of an arch ring measured parallel to the z-axis (on the skew) 
(Figs. 1, 5, and 13); 

a redundant design factor (see under A); 

coefficient of thermal expansion (Eqs. 30) = 0.0000065; 

a redundant design factor (see under A); 


= effective depth of a concrete section (see Fig. 7); 


modulus of elasticity, with subscripts c and s to identify “tension and 
compression” and ‘“‘shear,” respectively ; 

a redundant design factor (see under A); 

eccentricity of reaction R,; and e’ = eccentricity of reaction Ry (Fig. 5 
and Kas. 36); 

eccentricity of thrust, 7,, in Eq. 36a; 

the factor of torsion (Eqs. 7); 

a redundant design factor (see under A); 

fiber stress in reinforced concrete design, the subscripts s and c 
identifying ‘‘steel” and “concrete,” respectively; 

a redundant design factor (see under A); 

an elastic element defined as 1/F; Gi = an elastic element defined 
as 1/1; 

a redundant design factor (see under A); 

the vertical distance from the z-axis to the elastic center at which the 
redundant B is applied; 

moment of inertia of the area of the section cut by a radial plane 

- through point P and parallel to the axis of the barrel (z-axis), about 

a horizontal line through point P and lying in the radial plane; 
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= thickness (Figs. 1 and 13 and Eqs. 45 and 46); 
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a redundant design factor (see under A); 

proportion of effective depth; 

soil modulus; soil compression constant—that is, the resisting force, , 
in kips, exerted by the soil on a surface 1 ft square which is dis- - 
placed normally a distance of 1 in.; 

constant in torsion formula (Eq. 45) lips also Fig. 13); 

span of the neutral surface measured on the square; 

bending moment; M, and M, are the components of the moment; 
acting on the surface cut by a radial plane through point P about; 
the v-axis and the z-axis, respectively (M, being positive when it; 
causes the obtuse angle of the section on which it is acting to) 
deflect toward the center of curvature, and M, being positive when | 
it produces compression in the extrados fibers); M, is the torsional | 
moment (M, in Fig. 1 and M, and M, in Fig. 5); 

moment resulting from a unit load applied at a point m; m,, mz, Movs | 
and mz are the components of the moments cottesventine to} 
M,, M., M.», and M., when a unit load is applied at point m; 

a, number, such as “indeterminate in the nth degree,” or ‘‘n equations”; ; 

applied point load; 

substitution factor, with appropriate numerical subscript, function of ' 
6 (Eqs. 14); 

resultant forces or reaction identified by appropriate subscripts 2, y, 2, 
etc., to a given axis; 

an elastic element in Eq. 8; 

the length of an elementary parallelopiped measured, on the square, 
along the neutral surface (see Fig. 1); and ds is the differential . 
length of an elementary parallelopiped measured, on the square, 
along the neutral surface; 

one half the span length, on the square, of an arch (Fig. 2); 

resultant thrust on a section along an axis identified by appropriate 
subscript; 


temperature rise (+) or temperature fall (—), in degrees Fahrenheit 
(Eqs. 30); 

the coordinate of the elastic center referred to the tangent and radial | 
planes through point P and parallel to the plane z = 0, u being - 
parallel to the radial plane (the sign is fixed by Eq. 3b); 

a dimension defined as x sin @ + y cos ¢ (Fig. 1); 

projection of the skew angle @ onto the plane tangent to the neutral 
axis at the point under consideration; 

unit shearing stress with subscripts as shown in text (see also Table | 
7, Eq. 46c, and Fig. 14); 

distanges measuted parallel to the v-axis; 

total weight; load; 

abscissa distance; égondinnts with y and z; 

ordinate (see under x); 

coordinate (see under z); 
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slope of a reaction force (Fig. 6); 

deformation; the deformation of the residual structure at the point of 
application of the redundants A, B, C, and D (identified by sub- 
scripts a, b, c, and d, respectively), and in the direction of the re- 
dundants A, B, C, and D, due to applied loads, volume changes, or 
yielding of foundations; subscripts L and T denote “longitudinal” 
and “transverse,” respectively; subscripts R and T denote “‘rec- 
tangular” and ‘‘torsional,’’ respectively; 

6 = unit deformation; ds, dsc, and daa = the deformation at the point of 
application and in the direction of the redundant indicated by the 
first subscript, due to a unit load (or unit moment) acting at the 
point of application and in the direction of the redundant indicated 
by the second subscript; 

é = the tangent of the skew angle which is always positive; 

/6 = skew angle; 

X = modular ratio, E./E, = 2 (1 + »); for concrete, A = 2.30; 

pw = Poisson’s ratio; for concrete, » = 0.15; and 

¢@ = the angle of the slope of a plane tangent to the neutral surface at 
point P. 
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